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We integrate ten unitarily invariant matrix norm inequalities equivalent to the 
I leh,x irlc!c~uulity. 
Recently. Rhatia and Davis (2, Theorem l] proved that for arbitrary 
n A 11 matrices A, B, and X 
ill A*Ax + XBB* III 3 2 111 AXB lli , (*I 
where 11; * 111 denotes any unitarily invariant norm. Moreover, very recently 
Kittaneh [6] showed a very nice simple proof of (* 1. Here we show ten 
uniturily invariant matrix norm inequalities to be equivalent to the famous 
Heinz inequality. 
In what follows, a capital letter means an arbitrary n X n matrix, and 
111 - 111 is any unitarily invariant matrix norm. 
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THEOREM 1. The f II o owing norm inequalities hold and follow from each 
other: 
(1) For A, B, X with A 2 0, B 2 0, the real function 
f(p) = 111 A’+PXB’-P + A’-pXBl+p 111 
is convex on [ - 1, 11 and takes its minimum at p = 0. 
(2) For all A, B, andX, 
111 A*AX + XBB* Ill a 2 Ill AXB Ill . 
(3) For A, B. X with A* = A and B* = B, 
111 A”X + XB* 111 2 2 III AXB III. 
(4) For A, X with A* = A, 
111 A”X -t XA* Ill > 2 Ill AXA Ill . 
($1 Fur A, X with A* = A and X* = X, 
(6) For A, B, X such that A and B are self-adjoint and invertible 
cl/n-raters, arrd for m and II nonnegative integers, 
111 ,.@“+“XB-‘1 _+ A-“XB*“1+” 111 > 111 A*,l1X + XB*“r 111. 
(7) For S,, S,, Q with S, B 0, S, 3 0, andfor 1 3 CY > 0, 
III S,Q + QS, II1 > 111 S;QS:-” + S:-“QS,” ii. 
(81 For S, ‘I’. R with S* = S, R* = R, S and A invertible, 
111 STR-’ + S- ‘TR 111 2 2 111 T 111. 
(9) For S, T with S+ = S, S invertible, 
Ill STS- ’ + S- ‘TS III a 2 III T Ill - 
(10) For S, T with S* = S, S invertible, and T* = T, 
In order to give a proof of Theorem 1, we cite the following usefuI results. 
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LEMMA 1 [6]. Zf A,, B, are n X n matrices such that A, B, is se&djoint, 
then for every unitarily invariant norm 
hdd.~. where Re 5, A, is the real part of B, A,. 
THEOREM A [6]. 
(9 The following property holds: 
111 A @ A* 111 = 111 A @ A 111 for any A. 
(ii1 1%~ fidi~wiug ihrec cm fliiiwh~ are equivalent: 
Cd 111 A Iii c 111 B Ill / or ti utiilnrily invariant norms, 11 
(11 ll[ A @ 0 111 6 111 B o 0 Ill fir all unitady inunriant norm, 
(~‘1 111 A &t A 111 g 111 B 0 B 111 fir all un&zriZy invariant norm. 
Proof of Theorem 1. First af all, for the sake of convenience we recall a 
pr&’ of ($1 which LSII~ ix: easily obtained from [6]. Put A, = AX, B, = A in 
Ir~tnvt 1. Then A, B, = AX.4 is self-adjoint because A* = A and X* = X. 
I%y I#c+rlrtr,lr t WC tww 
111 A’X + XA” Ill a 2 Ill AXA Ill , 
Next we shall show the following implications: (2) =+ 11) 4 (7) * (6) = 
(5) J) (4) d (31 * (2). and also (5) * (lo), (4) a (91, and (3) * (8). 
First of al, (2) = (I) is given in [2], and also (1) - (7) is straightfomard 
on putting p = 2ar - 1, A” = S,, B2 = S,, X = Q. 
(7) = (6): On choosing, in (7), Q = (2m + nX2m + 2n)-‘, S, = 
A%*+Il) > 0, S, = B201’+“) > 0, and Q = A-“.XB-“, then we have (6). 
(6) * (5): Put A = B, m = 0, and n = 1 in (6). Then 
111 AXA-’ + A-‘XA 111 > 2 111 X 111. 
If we replace X by MA in this inequality, we get (5). 
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so that we have 
IIll 0 A’X + A”X’ + X*A’ 
lhw it klltnvs thut 111 A*X + XA’ 111 > 2 111 AXA 111, because 
GU * (31: We have only to use Berberian’s magic in [l] as follows: 
I#( A (I 0 *0 I( B 0 
0 0 I( R 0 
W) lhilt WC ohtdn 
0 A"2 + XB* 
0 0 )I a 2111(: Ylll: 
that is. 
111 A”X + XB2 Ill a 2 Ill AXB Ill, 
I,W;lllS~~ 
ill(i :)I11 alll(i :)I11 implies NY Ill 2 IIIXIII 
by Theorem A. 
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(3) * (2): Let A = lllA[ and B* = W IB*I be the polar decompositions 
of A and B* respectively, where and W are both unitary matrices. Then 
= 2lilUlAlXlB*lW*/ 
= 2 Ill AxB Ill . 
(5) * (10): Assume S* = S, S is invertible, and T* = T. Put X = 
S-‘TS-‘. Then X* = X, so that by (5) 
Ill s”x + xs’ Ill 3 2 Ill sxs Ill, 
that is, 
Ill STS-’ + S-‘TS III 2 2 111 T 111, 
so we have (5) * (10). The reverse implication is obvious. 
Also (4) - (9) and (3) * (8) are shown in the same way as (51 0 (10). 
The proof of Theorem 1 is complete. l 
REMARK 1. For the case of the usual operator norm II * II on complex 
Hilbert space, (2) =* (7) is shown in [71 and the equivalence among (21, (61, 
(71, (8). (91, and (10) is shown in [4]. An excellent proof of (2) itself and 
(2) * (1) are shown in [2] together with some related results. A very nice 
simple proof of (2) is shown in [6]. (9) is shown in [3] as a key of study on 
differential geometry. (7) is shown in [5] and is called the Heinz inequality. 
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